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Abstract

We considercombinatorialproblemsassociatedavith contractsatishctionandmarket clearingarising
in derggulatedelectricalpowerindustry A prototypicalproblemin this context canbe statedasfollows:
Givena network G anda (multi-)setof pairsof verticesin it denotingbilateralcontractsfind the maxi-
mum numberof simultaneouslhsatisfiablecontracts.The extensionof the above problemto Poolco-type
contractsatishctionproblemsis considered Suchproblemsalsoarisein real-timelnternetserviceqe.g.,
telephonefax, video).

We shaw thattheseproblemscomein a few variants,someefficiently solvableand mary NP-hard;
we also presentapproximationalgorithmsfor mary of the NP-hard variantspresented. Someof our
approximatioralgorithmsbenefitfrom certainimprovedtail estimateshatwe derive; thelatteralsoyield
improvedapproximationgor a family of packingintegerprograms.

Key words and phrases: Combinatorialoptimization,productionandtransmissiorof power, regulation of
electricpower industry approximatioralgorithms splittableflow, routingalgorithms.

1 Intr oduction

The U.S. electric utility industryis in the early stagesof major structuralchangesriven by the move to
dergyulatethe industry[7, 17, 19, 20, 47]. A major consequencef dergulationis that consumeraswell
asproducerswill eventuallybe ableto negotiatepricesto buy andsell electricity Seethe comprehensi
discussiongn [45, 46, 19, 47] for moredetailson thistopic. Beforeformally definingthe problemswe view
the settinginformally for now asa collectionof requestpairs(contractg in aflow network whereinthe flow
for ary pair canbesplitinto multiple paths In practice dereyulationis complicatedoy thefactthatall power
companieswill have to sharethe samepower network in the shortterm, with the network’s capacitybeing
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just aboutsufiicient to meetcurrentdemandsUnderderaulation,mostU.S. statesareplanningto setup an
independensystemoperator(ISO), agoverningbodyto arbitratethe useof the network. Thebasicquestions
facingthe ISOswill be how to decidewhich contractgo dery/accept(dueto capacityconstraints)andwho
is to bearthe costsinvolved in suchdenials. Suchmarket-clearingmechanismsill play a crucial role if
the dergyulatedpowver market wereto eventuallybecomeeconomicallyefiicient i.e., pricesarefair andno
individual or a group of consumers/suppliersanexecutemarket power Several criteria/policieshave been
proposedand/orarebeinglegislatedby the statesaspossibleguidelinesfor the SO for finding the “best” set
of feasiblecontractd45]. Theseinclude:

Last in, First Out: In this plan,all contractsareregisteredwith the ISO in the orderthey arereceved. Any
contractthat resultsin an infeasibility of the resultingsolutionis denied. As aguedcomprehensely by
Wildbemger[45], sucha policy typically favorsforward contractsalthoughin somecasest favors producers
who optedfor spotprices.

Minimum Flow denied Underthis proposalthelSO considersall contractssimultaneoushandselectghe
combinationthatdeniestheleastamountof proposecdower flow.

Minimum Total Cost Similar to Minimum Flow denied exceptthat the highestpriced contractswill be
eliminatedor adjusteddown first. This planattemptdo benefitthe consumer®y minimizing their cost.

Maximum Total Cost Similarto Minimum Flow denied but retainthe contractavith maximumtotal cost.
This is beingadwcatedby legislaturesin view of the anticipatedtax revenues.lt is likely to benefitpower
producersaandalsoownersof thetransmissiorsystembut couldbe disadwantageouso consumers.

The above discussiorandour experiencein combinatorialoptimizationsuggestghat the following im-
portantadditionalparametersvill comeinto play asaresultof deraeyulation: (i) the underlyingnetwork, (ii)
its capacityandtopologyand(iii) the spatiallocationsof the bilateral/Poolcaontracton this network. (The
Poolcomodelis definedin Section6.1.)

This paperinvestigategshe computationalcompleity of executingsomeof the abore-statedboliciesby
thelSOin theeventthe existing setof contractgesultin aninfeasiblesituationfor thetransmissiometwork.
The importantgoalsof this work include: (i) providing a quantitatve justificationfor selectingone policy
over another(solely on the basisof computationakompleity), (i) demonstratinghat the abore parame-
terscrucially affect the way power is routedin the network andthat theseconstraintanake the problemsat
handmuchharderthanthetraditionalproblemsof optimalschedulingand(iii) wheneer possible providing
approximationalgorithmswith worst-caseguarantee$or implementingthe policies. We elaborateon these
resultsfurtherin Section2.1. Muchresearcthasbeenconductedn electricalengineeringpnthegenerabrea
considerechere[35, 51, 11, 4, 5, 36, 49, 50]. However, theseworks do not addresghe issueof contracts
considerechere. Most of the issuesaddresseth the pastwereconcernedvith finding solutionsto the Unit
Commitmentand EconomicDispatchproblems(see[50, 25 andthe referencesherein). The main parame-
tersconsideredy theauthorswere: (i) planningoveragiventime period,(ii) setupcostsinvolvedin bringing
the power unitsto life andthenshuttingthemoff, etc. Researchersave alsousedtechniquesrom Acrtificial
Intelligenceto solve Unit Commitmentandrelatedproblems(see[22] andreferencesherein).

Low-bandwidth routing in communication networks. Theabove settingis alsoapplicablan the contet of
pacletroutingin telecommunicationetworks. Severaltelecommunicationsompaniegredevising protocols
that subdvide audioandvideo signalsinto smallerpacletsandreassembl¢hemat the destinationfor real-
time Internetservices(e.g. phone,fax, etc.) [18, 34]. Theseproblemshasspurredmuchattentionon the
classicalNP-hard maximumedge-disjoint-pathgproblem(MDP): given a graphG anda (multi-)setof pairs
of verticesin it, connectas mary of the given pairs as possibleusing edge-disjointpathsin G [30]. The
emegenceof high-bandwidtmetworkssupportingheterogeneouspplicationshasalsoledto ageneralization
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of the MDP to the unsplittableflow problem(UFP): eachnetwork link hasa capacity eachrequesipair has
a demand,andto satisfy a request,all of its demandmust be routedthrougha single path [31, 33, 43].

The usualand naturalassumptiormadehereis that no single demandexceedsary capacity What about
the generalizatiorof the MDP in the otherdirectionto the low bandwidthcase wherelarge demandsnust
sometimede servicedby a fixed network? Sincesomedemandsnay exceedthe link capacitiesthe flows
for somerequespairswill have to besplitinto differentflow-paths.Theresultsobtainedrevealsomestriking
differencedetweerthe problemsconsideredereandthe MDP/UFR

Organization. In Section2 we presentthe combinatorialoptimizationproblemsconsideredn this paper
Theformal problemsareanabstractiorof the problemsthatwould ariseasa resultof implementingseveral
of the above-statedpolicies. Section2 alsosummarizeour resultsand discusseselatedwork. Section3
containsillustrative examplesthat provide insightsinto the problemstructureaswell aspotentialsubtleties
that might arisein a dergulatedervironment. Section4 outlinesthe computationaintractability results.
Section5 containsuseful new probabilistictools that might be of independeninterest. In Section6 we
proposethe newv market-clearingmechanismandin Section7 describeour approximationalgorithmfor this
problem. This yields asa direct corollary an approximationalgorithmfor the single sourceversionof the
(0/1-VERSION, MAX-#CONTRACTS) consideredn Section2. Section8 discusseghe extensionof our
resultsto othervariantsandalsooutlineshow theresultsherecanbe usedto improve uponthe performance
of approximationalgorithmsfor certainpackingproblems. Finally, Section9 containsconcludingremarks
anddirectionsfor futureresearch.

2 Problem Definitions and Results

The variantsof flow problemsrelatedto power transmissiorstudiedhereare intuitively harderthan some
traditional multi-commodity flow problems,sincealthoughthe flow out of a given sourcemustequalthe
flow into the correspondingink, we cannotdistinguishbetweerthe flow “commodities” (power produced
by differentgenerators)Seebelov and Section3 for moreon this. As aresult,standardsolutiontechniques
usedto solve single/multi-commodityflow problemsarenot directly applicableto the problemsconsidered
here. We will usea new roundingtechniquethat gives good approximationbounds. We shall usepower
terminologythroughouthput all resultswill hold for the messagebhice-dataroutingdomaingdiscusse@bove.
In particular it is easyto modify our algorithmsfor suchmulti-commodity caseswherethe flows for the
differentcommaoditiesaredistinguishable

Thebasicsettingis asfollows. We aregivenanundirectechetwork (thepower network) G = (V, E) with
capacities:, for eachedgee andasetC = {(s1,%1), (s2,t2),. .., (sk, tx)} Of source-sinknodepairs. Each
pair (s;,t;) has: (i) anintegral demandreflectingthe amountof power that s; agreego supplyto ¢; and(ii)
a negotiatedcostof sendingunit commodityfrom s; to ¢;. As is traditionalin the power literature,we will
referto the source-sinkpairsalongwith the associatedlemandssa setof contracts In generala sourceor
sink may have multiple associatedontracts.We will find the following notationcorvenientto describethe
problems.Thecontractsaaredefinedby arelationR C (V' x V' x % x ) sothattuple (v, w, o, 8) € R denotes
a contractbetweensourcev andsink w for o units of commodityat a costof 8 perunit of the commodity
For A = (v,w,a, ) € R wedenotesource(A) = v, sink(A) = w, flow(A) = a andcost(A) = 5. We
constructadigraphH = (V U S UT U {s,t}, E') with sources, sink nodet, capacities. : E' — % and
costsc’ : E' — R asfollows. Forall A € R, definenew verticesv4 andwy4. LetS = {vs | A € R} and
T ={wa | A € R}. Eachedge{z, y} from G is presenin H asthetwo arcs(z, y) and(y, =) thathave the
samecapacityas{z,y} hasin G, andwith cost0. In addition,for all A = (v, w,a,8) € R, we introduce:
(i) arcs(va, v) and(w,w4) with infinite capacityandzerocost;(ii) arc(s,v4) with capacityflow(A) = «



andcost0; and(iii) arc(wa4,t) with capacityflow(A) = « andcostequalingcost(A). A flowis simply an
assignmenbf valuesto the edgesn a graph,wherethe value of an edgeis the amountof flow traveling on

thatedge.Thevalueof theflow is definedastheamountof flow comingout of s (or equivalently theamount
of flow comingin to ¢). A genericfeasibleflow f = (f;, > 0: (z,y) € E') in H is ary non-ngative flow

that: (a) respectshe arccapacities(b) hass asthe only sourceof flow andt¢ asthe only sink. Note thatfor

agivenA € R, in generalit is notnecessaryhat f, ,, = fu,,t. FOragivencontractd € R, A is saidto be
satisfiedif thefeasibleflow f in H hastheadditionalpropertythatfor A = (v, w, @, 8), fsps = fwat =

i.e., the contractuabbligationof o units of commodityis shippedout of v andthe sameamountis receved
atw. A contractsetR is feasible(or satisfied if thereexistsa feasibleflow f in thedigraphH thatsatisfies
everycontractd € R. Let B = supply(s) = demand(t) = 3 4cr flow(A).

Definition 1 Givena graphG(V, E) anda contract setR, the R-MAX-FLow problemis to determinef R
is feasible

In practice,it is typically the casethat R doesnot form a feasibleset. As a resultwe have two possible
alternatve methodsof relaxing the constraints:(i) relax the notion of feasibility of a contractand (ii) find
a subsetof contractsthat arefeasible. Combiningthesetwo alternatves, we definethe following typesof
“relaxedfeasible”’subsetof R.

Definition 2 Let G(V, E) be a powernetwork,R bea setof contracts, H bethe associatedligraph,and f
beafeasibleflowin H.

1. AcontractsetR’ C R is a 0/1-contractsatishctionfeasiblesetif, VA = (v,w,, ) € R, fs0, =

f’lUA,t = Q.

2. AcontactsetR' C R is an |-contractsatishctionfeasiblesetif, VA = (v,w,a, 8) € R/, f(A) =
Jswa = fwat € {0,1,...,a}; i.e., wemustsendan integral amountof flow f(A) fromv to w.

3. AcontractsetR’ C R is an R-contractsatishctionfeasiblesetif, VA = (v,w,a, 8) € R/, f(A) :=
fswa = fwat € [0,¢]; i.e., weare allowedto sendanyrational amountof flow f(A) fromw to w.

Remarks: Note that case(3) of Definition 2 is the leastrestrictive; the only requirementwe have is that
the source-destinatiopairssendandreceve equalamountsof flows. Also, all our definitionsincludeat the
very minimuma balancingconstrainffor satisfiedfeasible)contracts For theremainingcontractstheabove
definitionsdo notimposeary requiremengaslong aswe have afeasibleflow f. Notealsothatgivena flow
fin H, it is easyto recover the “relaxed feasible” set R' accordingto ary of the abore given criteria in
polynomialtime.

Definition 3 GivenagraphG(V, E) anda contractsetR, the (R-VERSION, MAX-FEASIBLE FLOW) (resp.
(0/1-VERSION, MAX-FEASIBLE FLOW), (I-VERSION, MAX-FEASIBLE FLOW) ) problemis to find a fea-
sibleflow f in H sudthat}” 4. f(A) is maximizedvhere R’ formsan R-contractsatishction (resp. 0/1-
contractsatishction I-contractsatishctior) feasiblesetof contracts.

Obsere that (R-VERSION, MAX-FEASIBLE FLow) andits weightedversioncan be written aslinear
programsandhencesolved in polynomialtime. In contrastwe shall seethatthey becomeintractablewhen
somefurtherrestrictionsare placedon the structureof feasiblesolutions. The next classof problemsaim at
maximizingthe numberof satisfiedcontracts.



Definition 4 Givena graphG(V, E) anda contract setR, the (0/1-VERSION, MAX-#CONTRACTS) prob-
lemis to find a feasibleflow f in H sud that |R’| is maximizedvhere R' formsa 0/1-contractsatishction
feasiblesetof contracts.

Theinteger andrationalvariantsof the problem[(I-VERSION, MAX-#CONTRACTS) and(R-VERSION,
MAX-#CONTRACTS)] arenot asinterestingsincewe cansatisfysmalldemandsaindclaim thata contractis
satisfied.We canimposean additionalconditionthatfor a contractto be satisfied at leasta certainfraction
of the demandmustbe met. We shall studythesenontrivial variantslater A naturalrestrictionof the above
problemsis to have all the sourcess; to sharea commonnode,i.e., Vi, s; = s for somes € V. Givena
problemII above we denotethe restrictionof II to the casewhenall the sourcessharea vertex by SINGLE-
SouRce-II. Theweightedversionfor eachof the problemsII denotedcby WT—II is the sameas]II, except
thateachcontractA € R hasadesiredweight(profit) denotingits importance.

Notethateachproblemabove directly correspondso a possiblepolicy thatmight be usedto procesghe
contracts See[3, 10, 9, 25, 50] for basicdefinitionsin computationatompleity, andfor conceptselatedto
the generationpperatiorandcontrol of electricpower.

2.1 Summary of Results

For thefirst time in theliterature we studythecompleity andapproximabilityof severalcontractsatisfiction
problems.Wherepossible we statethe hardnesgesultsfor the mostrestrictedversionsandapproximation
resultsfor themostgeneralersionof theproblems Giventheflow network G = (V, E), weletn = |V| and
m = |E|. Recallthatanapproximatioralgorithmfor an optimizationproblemII providesa performance
guaranteeof p if for every instancel of II, the valuep returnedby the approximatioralgorithmis within a
factorp of theoptimalvalueOPT for I: i.e.,p < p- OPT if II isaminimizationproblem,andp > OPT/p
if IT is amaximizationproblem.

Our first mainresultis for the singlesource versionof (0/1-VERSION, MAX-#CONTRACTS). We shav

1_

thatunlessNP C Z PP, no polynomial-timealgorithmcanguaranteen approximatiorfactorof m?2"¢ for
anyfixede > 0, evenif all capacitiesare1 andall demandsntegral. As mentionedbefore,thisis in sharp
contrastwith the correspondingingle-soute versionsof the MDP (polynomial-timesolvable)andthe UFP
(NP-hard, but approximableo within O(1) [31, 32,15]). SeeSection4 for furtherhardnessesults. Given
this hardnesswe formulatea nev market-clearingmechanismseeSection?7. Informally, we consideriV ¢-
(0/1-VERSION, MAX-#CONTRACTS) wWhere,givena profitw 4 for eachA € R, wewanta0/1 solutionthat
maximizesthe profit of the fulfilled contracts. We assumeby scalingthatw, € [0,1] for all A € R, and
shav anearlybest-possibléicriteriaapproximationLet O PT bethe optimumvalueof this problem.Given
e > 0 andaflow f, let ussaythattheflow (1 — ¢)-fulfills contractA € R iff f(A) > (1 — ¢€) - flow(A).
Then,in polynomialtime, we canfind aflow in which the total profit of the (1 — ¢)-fulfilled contractss at
least: (i) Q(e - OPT?/m) if ¢ < 1/2, and(ii) Q(OPT - (OPT/m)1~9/¢) if ¢ > 1/2. (Notethatif ¢ is
“small”, say0.1, thenwe almostsatisfythe demand®f the (1 — ¢)-fulfilled contractswhile still remaining
closeto them!/2—¢ -hardness-of-appximation result.If ¢ is larger, i.e.,if we arewilling to satisfyasmaller
fraction of the demandsthe objective functiongetsevenbetter:in particularif e = 1 — ©(1/logn), we get
to within a constanfactorof O PT'. This suggestshatwhenpossiblewe canchoosesucharelatively large e
andconductthe routingin rounds wheretheroutingis feasiblein eachround. Evenif eis1 — ©(1/logn),
we requireonly O(log? n) roundsto fully satisfythe demandf the (1 — ¢)-fulfilled contracts.)The above
assumeshatOPT < m; we getevenbetterresultsif OPT > m.

Theabove resultfollows from a moregeneraimulti-source multi-sink resultthatwe derive. As sketched
in Section3, multi-source multi-sink problemsaresomeavhat complicatedoy the factthatwe cannotdistin-
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guishbetweertheflowsfor differentpairs(e.g.,theremaybeno (s;, ¢;)-pathin theflow graph);we shav how
this issuecanbe handled andderive the single-sourceesultasa corollary For the multi-source multi-sink
I-version of the problemwherewe wish to maximizethe total weightedflow, we build on the previous algo-
rithm to deliver a solutionof valueQ(OPT - min{OPT,m}/m). As mentionedn Section8.2,a hardness
resultof [21] implies that for ary fixede > 0, approximatingthis problemto within m'/2-¢ is NP-hard;
thus,our resultfor the I-versionis essentiallybest-possibfe (The I-versionis appropriatefor Internettele-
phory/fax transmissiorwheredatais dividedinto atomicpaclets.) Work of [21] considergherelative of the
I-versionwherewe requirethat f (4) € {0, flow(A)} for all A € R; it is alsorequiredthatthe flow of ary
commaoadityon ary arcbeaninteger. Supposell capacitiesareintegersandthatthe maximumdemandi.e.,
maximumvalueof flow(A)) iS dmaz. An approximationguarante®f O (v/mdoqg log? m) is presentedor
this problem,in [21].

Our approachs to conductappropriateandomizedoundingof multi-commodityflow relaxationsasin
[43], with two main new ideas. First, it is well-known that addingvalid constraintgo relaxationsis often
crucialfor optimization/approxnation. Our solutionsdependn akey valid constraint(see(5)) addedo the
“natural” LP relaxation.Secondpurboundsabove for thecase: < 1/2 dependnanexistentiallyoptimaltail
probability boundthatwe derive—seeTheoremb5.5; in its absenceour analysiswould have only yieldedthe
boundwe getfor € > 1/2 for thecasee < 1/2. (Notethatfor ary OPT < m, ourfirst bounde - OPT?/m
is muchhigherthan OPT - (OPT/m)"~¢)/¢ ase — 0+). This comesaboutby a careful analysisof the
problemat hand,insteadof straightforvard applicationof a Chernof-Hoeffding bound. This tail boundalso
improvesthe approximatiorfor a classof packinginteger programsdueto [42]; seeTheorem8.1. Another
aspecbf ourl-versionalgorithmis thatit includesthedesignandanalysisof afinal “cleanup”phaseo correct
for somelimits thatmay have beenexceededy therandomizedounding.

Threevariantsof our problems/methodBave beenstudiedby researchergi) Multi-commodityflow and
relatedproblems,(ii) unsplittableflow problems,and (iii) Lagrangearmnelaxation-typework in Operations
Research.We briefly discusstwo of thesenow. The basic Multi-commodity Flow problemconsistsof a
network with capacitieson the edgesanda setof source-sinkpairs{(si,%1),. .., (sg, tx)} with associated
demandsWe associate commodity: with eachsource-sinkpair (s;, ¢;). The problemis to find anintegral
flow thatis avalid flow for eachcommoditysuchthatthetotal flow on eachedgedoesnotexceedthecapacity
of that edgeand all demandsare satisfied. The problemis NP-hard and good approximationsare knovn
for certainoptimizationversionsof the problem[38, 39]. Next, the unsplittableflow problemresultsfrom
insistingthattheflow for each(s;, ¢;), shouldbeonasinglepath[30]; seeg.g.,[30, 43, 33] for approximation
algorithmsfor this problem. An importantspecialcasehereis whenall the sourceverticess; arethe same,
says. Evenhere,it is NP-completeo decideif thereis asingles—t; pathfor each; suchthatthetotaldemand
usingary edgedoesnot exceedthe edges capacity Constant-éctorapproximatioralgorithmsareknown for
several optimizationversionsof this problem[30, 31, 32, 15|, and nearoptimal hardness-of-appraxiation
resultsareknown for its multi-source multi-sink version[21].

3 lllustrati ve Examples: Structur e of Solutions

We startby deriving someinsightsinto the structureof solutionsto the problemsat hand.The exampleswill
illustratecontrastdetweerthis problemandrelatedflow problemsfrom theliterature.

Example 1. This exampleillustratesthe issuesencounteredsa resultof dergyulation. Figure 1(a) shavs
an examplein which therearetwo power plantsA and B. Let us saythateachconsumehasa demandof
1. Beforedereayulation, sayboth A and B are owned by the samecompan. If we assumehatthe plants

1 Thehardnessesultin [21] holdsonly for directedgraphs.



1(a) 1(b)

Figurel: Figuresfor Examplesl and2.

have identicaloperatingandproductioncosts thenthedemandanbe satisfiedoy producingl unit of power
at eachplant. Now assumehat dueto derayulation, A and B are owned by separate&companies.Further
assumehat A providespower atamuchcheaperateandthusboththeconsumersigncontractawith A. It is
clearthatboththe consumergannotnow be provided power by A alone.Thusalthoughthetotal production
capacityavailableis morethantotal demandandit is possibleto routethatdemandhroughthe network under
centralizedcontrol, it is not possibleto routethesedemandsn a deregulatedscenario.

Example 2. Here,the graphconsistsof a simpleline asshavn in Figure1(b). We have threecontractsach
with a demandof 1. The capacityof eachedgeis alsol. A feasiblesolutionis f(s1,t3) = f(s2,t1) =
f(s3,t2) = 1. Thecrucial point hereis thatthe flow originating at s; maynot goto ¢; at all — sincepower
producedat the sourcesare indistinguishablethe flow from s; joins a streamof otherflows. If we look
at the connecteccomponentsnducedby the edgeswith positive flow, we may have s; andt; in a different
component. Thuswe do not have a path or setof pathsto roundfor the (s;, ¢;)-flow. This shawvs a basic
differencebetweerour problemandstandardnulti-commodityflow problemsandindicatesthattraditional
roundingmethodsmaynot bedirectlyapplicable

4 HardnessResults

4.1 Hardnessof Simple Instances

We start by recallingtwo NP-hardproblems. In the PARTITION problem,we are given a finite setT =
{t1,1t9,..., } of reals,andhave to decideif the setcanbe partitionedinto two subsetsvhich sumup to the
samevalue. In all our usesof this problem,we will let B denote}_; ¢;. In the KNAPSACK problem,we are
givenasetS of items,eachwith a certainweightanda profit; givenabudgetiW, we needto find a subsets’
of S whoseitemsaddupto atmostW in weight,suchthatthetotal profit of theelementsn S’ is maximized.

Theorem4.1 The WT-(0/1-VERSION, MAX-FEASIBLE FLow) and WT-(R-VERSION, MAX-FEASIBLE
FLow) problemsare NP-hard evenfor graphswith a singleedge.

Proof. Reductiorfrom PARTITION. Givenaninstancel’ = {t1,ts,- - -, t,} of PARTITION, we createagraph
with two nodesu andv andoneedge(u, v). Thecapacityof theedge(u, v) is B/2. Therearen contractsthe
sth contracthassourcenodewu andsink nodev andthe demandf the contractis ¢;. It is now easyto seethat
thereis a subsebf contractswith flow value B/2 if andonly if 7" hasa solution. By a similar reduction,but
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startingfrom KNAPSACK, we getthe hardnes®f (0/1-VERSION, MAX-#CONTRACTS) with integral profit
function. Notethat(0/1-VERSION, MAX-#CONTRACTS) without profit functiondefinedon a singleedgeis
polynomial-timesolvable by a simplegreedyalgorithmthatchoosest eachstagea contractwith minimum
demand. O

In our study the problemof finding the bestflows with fractional contractsbut with certaincostson
producingthe commodityarose.If the costfunctionis linear, thenthe problemis easilyseento bein P, by
usingthe standardlow formulation. But whenwe have non-linearcostsfor commodityproduction thenthe
problemturnsoutto be hardasshavn below.

Theorem4.2 The WT-(R-VERSION, MAX-FEASIBLE FLOW) , WT-(R-VERSION, MAX-#CONTRACTS)
problemssubjectto non-linearproductioncostsanda budget on thetotal costsare NP-hard, evenfor graphs
with a singleede.

Proof. Thereductionis almostidenticalto Theoremd.1. We usenon-linearcoststo simulate0/1-contracts;
i.e., contractsare either chosenor not. The reductionis from the PARTITION problem. Given aninstance
T = {t1,t2,...,t,} of the PARTITION problem,we createa graphwith two nodesu andv andoneedge
(u,v). Thecapacityof theedge(u, v) is B/2. Therearen contractspnecorrespondingo eacht;. Theith
contracthassourcenodewu andsink nodev andthe demandof the contractis ¢;. Theith contractneeds)
dollarsfor producing0 units at the sourceandrequirest; dollarsfor producingary amountabove 0. It can
produceno morethant; units. It is easyto seeherethat oncewe choosea contractto producepower, we
might aswell rampit up to its capacity;so, thereis a subsebf contractswith total productioncostB/2 and
flow value B/2 if andonly if 7" hasa solution. Thereductionfor (R-VERSION, MAX-#CONTRACTS) with
profitsis similar, exceptthatwe performthereductionfrom KNAPSACK. O

We now considerthe compleity of (0/1-VERSION, MAX-FEASIBLE FLOwW) and (R-VERSION, MAX-
FEAsIBLE FLow) with additionalrealisticconstraintsproductionconstaints on the amountof commodity
that eachproducercan produce. We will employ the 3-PARTITION problemfor this. An instanceof 3-
PARTITION consistof asetT = {t1,... t3, } suchthateacht; hasaweightw; € [B/4, B/2], andsuchthat
>; w; = mB. Thequestionis whetherI’ canbe partitionedinto m subsetswith 3 elementsach,suchthe
sumof theweightsof the elementsn eachsubseis exactly B.

Theorem4.3 (a) The (0/1-VERSION, MAX-FEASIBLE FLow) problemis strongly NP-hard, whenwe
placea budget onthe amountof commoditythat ead producercanproduce (b) The (0/1-VERSION, MAX-
#CONTRACTS) problemis NP-hard whenwe placea budget ontheamountof commoditythat ead producer
canproduce

Proof. Startingfrom aninstancel of 3-PARTITION, we createa starasfollows. We have acentemodeu and
spole nodess; to s, eachconnectedo the starnodeu. Eachedge(u, s;) hascapacityB. Thenodeu has
3m productionstationgpy, . . ., p3,,. Eachspole nodes; has3m sinksnamed, . .., 5 . We have acontract
(pj, t;'-) of valuew; for all (4, ), andeachp; hasproductioncapacityw;. Thisimpliesthatit cansendpower
to only oneof therequestingsinksat ary giventime, if we assumeno fractionalcontracts.So we seethat
T hasasolutionif andonly if thereis away to satisfy3m contractswithout violating the flow andcapacity
constraints.Thusthereductionworks asan NP-hardnesgroof for the versionswhere(i) we wantto satisfy
the maximumnumberof contractsand(ii) we wantto maximizethetotal flow in the network.
g

Note: All the above hardnessesultsarefor very simple graphs: eachof thesegraphsis a treeandhence,
simultaneouslyplanarandof boundedreavidth.



4.2 Inapproximability Results

We strengtherthe resultsin Section4.1 andshav that for arbitraryinstanceganary of theseproblemsare
inapproximablethey do not evenadmitgoodapproximatiomalgorithmsin general.Recallthatin the maxi-
mum 3-DIMENSIONAL MATCHING (3DM) problem,we aregiven pairwisedisjoint setsX, Y, Z, anda set
T C X xY x Z. Thegoalis to selecta maximum-cardinalitysubsetl” C T, suchthatthe tuplesin
T’ (viewed as3-elementsets)are pairwisedisjoint. Also recall thatin the INDEPENDENT SET problemon
graphswe aregiven anundirectedgraph,andwish to find anindependenset(subsef the nodesin which
no nodeis adjacento ary othernodein the subsetpf maximumcardinality We startwith aknown result:

Theorem4.4 ([1, 23, 40, 29)) (i) UnlessP=NP, 3¢ > 0 sud that no polynomial-timealgorithmcanguaran-
teean appoximationfactor of lessthan (1 + ¢), for 3DM. Moreover, there is a constantB > 1 sud thatthis
resultholdsevenwhenead elemenin X UY U Z occussin at mostB tuplesin 7.

(i) UnlessNPC ZPP, INDEPENDENT SET doesnot havea polynomial-timeapproximationalgorithmwith
performanceguarantee|V|'~¢, whee |V | denotesthe numberof verticesin the input graph, and e is an
arbitrary positiveconstant.

We bggin with the caseof boundeddemands.

Theorem4.5 Theris a constantB sud that thefollowing holdsfor (0/1-VERSION, MAX-#CONTRACTS),
evenwhenall edgshavecapacityl, there is only onesupplier all verticesexceptthe supplierhavedeagree
at mostB, andall contractshavevalue3. UnlessP=NR, 3¢ > 0 sud that no polynomial-timealgorithmcan
guaranteean approximationfactor of lessthan (1 + ¢).

Proof. We provide anapproximation-preseinvg reductionfrom 3DM. Let theinstanceof 3DM consistof
setsX,Y,Z andT C X x Y x Z. We constructaninstanceG = (V U U, E) of the problemasfollows.
For eacht € T we createa nhodev; € V andfor eachw € X UY U Z we createa nodeu,, € U. We
alsohave a suppliernodes € U. We addanedgewith capacityl from s to eachnodein U \ {s}. For each
t = (z,y,2) € T, weaddedges(u,, v;), (uy, v¢) and(u,,v;) with capacityl. Eachnodein V' hasa contract
with s with flow value3. Thusif acontracty, is completelysatisfied no othercontractwhosecorresponding
setin the 3ADM instancehasa non-emptyintersectionwith ¢ canalsobe completelysatisfied.Thereforethe
optimal objectve functionsof the 3DM instanceandthe (0/1-VERSION, MAX-#CONTRACTS) instanceare
the same.We may now invoke Theoremd.4(i) to completethe proof. O

Theorem4.6 The (0/1-VERSION, MAX-#CONTRACTS) problemis NP-hard even whenrestrictedto in-
stancesF with the following constaints: (i) G is planat, (i) ead edge in G hascapacityat most1, (iii)
ead vertex hasa boundeddegree and(iv) all contractshavevalue3.

Proof. We first modify the proof of Theoremd.5asfollows: we have two identicalcopiesof verticeslV; and
V; correspondindo T. The verticesv} € V; andv? € V, correspondingo at € T will be calledtwins
We do not have the nodes asin the proof of Theorem¥.5; instead eachnodew; is now a supplier For each
t = (z,y,2) € T, weaddedges(uz,v}), (uy, vi), (uz,v}), (ug,v7), (uy,v7) and(u,,v?) with capacityl.
Eachw} hasacontractwith its twin »? with flow value3. Let G = (V1 U Vo U U, E). It is onceagaineasyto
seethatthe optimal objective functionsof the 3DM instanceandthis (0/1-VERSION, MAX-#CONTRACTS)
instancearethe same.Next, we modify the constructiorto obtainhardness$or planarinstancessfollows.
GivenaninstanceF of 3DM, its correspondindipartitegraph BG(F') is definednaturallyasfollows:

it is the samebipartitegraphG = (V U U, E) asin the proof of Theoremd4.5, with the vertex s removed. It
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Figure 2: SchematicDiagramshaving how to replacea crosseer in the proof of Theorem4.5 to obtain
planarinstancesThe capacitiesof all edgesarel. Thereductionlocally replacesiodesn thebipartitegraph
representatioby nev nodes.

is known that 3DM is NP-hardevenwhenrestrictedto instances” for which BG(F') is planar[16]. Now,
givensuchan F', we createaninstance of (0/1-VERSION, MAX-#CONTRACTS) asin thefirst partof the
proof, andthenmodify it to make it planarasfollows. ConstructBG(F'), andlay eachnodein V5 next to its
twin in V7. A typical suchlayoutis depictedin Figure2. Thiswill introduceexactly onecrosseer pernode
in V3 andasshavn in Figure2. We justreplacethe crosseer by anew nodec = ¢; andsplit theedgesatthat
point. All the edgesstill have a capacityof 1. Let us seehow to route3 units of flow from v} to v2. Since
all edgecapacitiesarel, v; hasto sendexactly oneunit oneachof theedges(v;, c), (v, ) and(v},y). The
flow at z hasto be routedthroughc andthuswe have exactly 2 units of flow comingin at ¢ andsincethere
are2 edgescomingout, thesecanbe sentout without violating any constraints.
Theremainingdetailsaresimilar to the proof of Theorend.5. O

Notethat Theoremd.5 providesinapproximabilityresultsrestrictedto non-planatinstancesvith a single
source.Ontheotherhand, Theoremd.6only provesthe NP-hardnessf (0/1-VERSION, MAX-#CONTRACTS)
for planarinstance$ but with multiple source-sinkpairs. We now strengthertheresultsin Theoremst.5and
4.6 whendemandgjrowv polynomiallywith inputsize.

Theorem4.7 UnlessNP C Z PP, no polynomial-timealgorithm canguaranteea performancem‘mé_6 for
(0/1-VERSION, MAX-#CONTRACTS), for anyfixede > 0. Thisholdsevenwhenall edgeshavecapacityl,
thereis only onesuppliernode andall contractsare integer-valued.

Proof. We provide an approximation-presenvg reductionfrom INDEPENDENT SET (IS) to the problem.
If n andm arethe numberof nodesandedgesn the S instancethe numberof arcsin the problemwill be
O(n + m). SinceTheoremd4.4(ii) shawvs thatlS is alsohardto approximateo within m!/2—¢ thetheorem
will follow. Let H = (V, E) betheinstanceof IS. CreateagraphG’' = (U U W, E') asfollows. ThesetW

2Theplanarversionof 3DM hasa polynomial-timeapproximatiorschemg2].
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is acopy of V. We will alusenotationandreferto thecopy of v in W aswv. For everyedgee = {u,v} € E,

createanodez. € U andedges{z.,u} and{z.,v} in E'. Also createone“supply node”s € U andedges
{{s,z.} | e € E}. All edgesin G' have capacityl. Eachnodein W hasa contractwith s with flow value
equalto its degreein H (which s alsoits degreein G'). To satisfythe contractof any w € W, theremustbe
oneunit of flow to w from eachnodein U adjacento w. Sinceonly oneunit of flow canbe sentto ary node
in U \ {s}, noothernodein W adjacento w in G canhave its contractsatisfiedif w’s contractis satisfied.
Sothereis abijectionbetweerfeasiblesetsof contractsn G’ andindependensetsof thesamesizein H. O

Recallthat,in contrastsuchproblemsfor single-sourceinsplittableflow have O(1) [or O(logn) for the
weightedcase]-actorapproximatioralgorithms.Our hardnessesultshavs a significantdifferencebetween
unsplittableflow andour splittableflow problems.Onekey causeof this differenceis that (0/1-V ERSION,
MAX-#CONTRACTS) canspecifyin avery strict mannerasto how the flow startingat a vertex canbe split.
For example,the (0/1-VERSION, MAX-#CONTRACTS) instancein the proof of Theorem4.7 specifiesthat
theflow to eachnodein W mustbe split alonga numberof pathsequalto the degreeof the nodein H.

5 Useful probabilistic tools

Henceforth,an “efficient” algorithmwill meanan algorithmrunningin polynomialtime. We next present
some(probabilistic)techniqueselevant to our analysis.Let e denotethe baseof the naturallogarithm. We
abbreiate the phrasé'randomvariable”by “r.v.".

Constructive versionsof certain low-probability events. A significantresultin derandomizatiotechniques
is that certainrandomstructureghatactuallyhave very low probabilitiesof beinggeneratedy someunder

lying randomprocessR, canbe constructecefficiently if R hassomesuitablestructure. One suchtool is

Theorem4.3 of [44], which appearsas Theorem5.2 here. To do so, we will needthe following prelimi-

nariesfrom [44]. Givena = (a1, as,...,as) € {0,1}¢ andb = (by, by, ..., by) € {0,1}¢, let ussaythat

@ < biff a; < b; for all i. SupposeX1, Xo, ..., X, areindependent.v.s, eachtakingvaluesin {0,1}. Let

X = (X1, Xs,...,X,). Defineanevent A to beincreasingiff: for all @ € {0,1}¢ suchthat.A holdswhen

X = @, A alsoholdswhenX = b, for ary b suchthata < b. Analogously event A is saidto be deceasing
iff: for all @ € {0, 1}¢ suchthat.4 holdswhenX = &, A alsoholdswhenX = b, for ary b < &.

The basicway in which Theoremb5.2 will be usefulfor usis asfollows. SupposeF,, Es, ..., E; are
someeventsthataredetermineccompletelyby X. EachE; is a“bad” eventfrom our perspectie; we want
to efficiently find a valuefor the vector X underwhich noneof the eventsE; hold. Theorems.2 presenta
usefulsuficient conditionto this end;we next presensomefurthernotationin orderto understand’heorem
5.2. An r.v. g is saidto be a well-behavecdestimatorfor anevent & (w.r.t. X) iff it satisfiesthe following
propertiegP1),(P2),(P3)and(P4),Vu < £, VT = {4y,1i2,...,i,} C [£], andfor all by, bs,...,b, € {0,1}
for which Pr(AY_; (X;, = bs)) = [Ii—; Pr(Xi, = bs) > 0. For notationalconveniencewe let B denote
“Ns=1(Xi, = by)".

(P1) E[g|B] is efficiently computablei.e.,computablén poly(£) time;

(P2) Pr(€|B) < E[g|BJ;

(P3) if £ isincreasing thenfor all 3,4, € ([(] — T) with Pr(X;, ., = 1) € (0,1), E[g|(Xi,,, =0) AB] <
Elg|(X;,,, = 1) A B]; and
(P4) if £ is deceasing thenfor all i, 1 € ([(] — T') with Pr(X;,,, = 1) € (0,1), E[g|(Xi,., = 1) AB] <

E[g‘(Xiu+1 = O) A B]-
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Remark 5.1 Thecondition*Pr(X;, ., = 1) € (0,1)" is specifiedn (P3)and(P4)for thefollowing reason:
if Pr(X;,., = 1) € {0,1}, thenoneof thetwo terms“E[g|(X;,,, = 0) A B]” and“E[g|(X;,,, = 1) AB]"

will be undefined. To gain someintuition about(P1)—(P4),notethatif g is x(&), the indicatorr.v. for &,

it satisfies(P2), (P3) and (P4). However, in our applicationsjt will be unclearif (P1)is trueif g = x(&).

Thus, we seekar.v. g which “mimics” x(€) in that (P2), (P3) and (P4) hold; we alsowant the “efficient
computability” property(P1)to holdfor g.

If ¢ satisfiegP1)and(P2)(but notnecessarilfP3)and(P4)),we call it aproperestimatoifor £ w.r.t. X.
Forary r.v. X andeventA, let E'[X] denotemin{E[X], 1}.

Theorem 5.2 ([44]) SupposeX = (X1, Xo,...,X,) isasequencefindependentv.s X;, with X; € {0,1}
foreadi. LetEy, F», ..., E; beeventsandr, s benon-n@ativeintegers with » + s < ¢ sud that:

(i) E1, Eo, ..., E, areall increasingwith respectivavell-behaveastimatos g1, g2, - - . , g» W.I.L. X;
(i) Er41,. .., E.s areall decreasingwith respectivavell-behavedstimatos g, 11, . . . , gr4+s W.I.L. X;
(i) Erys41,---,E; arearbitrary events with respectiveproperestimatos g, 51, - - - , g¢, and
(iv) all the E; andg; are completel;determineday)?.
Then,if
r r+s t
1-(JIa-FElga))+1-([] O -FElau)+ > Elg]<1 1
=1 i=r+1 i=r+s+1

holds,we canconstructa valuefor X in poly(£ + t) timedeterministicallyunderwhich noneof the E; hold.
(Asusual,emptyproductsare takento be1; e.g., if s = 0, then]‘[f;’fﬂ(l —E'g]) =1))

Themainpointis thatPr(A; &) canbetiny: say exponentiallysmallin (¢ + t). However, aslong asthe
requirement®f Theoremb.2 aremet, we canefficiently setvaluesfor the X; sothatall the&; areavoided.

Remark 5.3 As pointedoutin [44], thereis asimpleway of checkingpropertieP1)—(P4)above, for agiven
r.v. g. Recallthatin our definition of well-behaednessp is short-handor “Ai_,; (X;, = bs)", wherethe
indicesi aswell asthebits b, arearbitrary Now, evenconditionalon B, the X; canbeviewedasindependent
r.v.s:itisonly thatfor eachis, X;, = b, with probability1. Thus,in orderto checkary of thepropertieP1)—
(P4),it suficesto checkthatfor any choiceof the probabilitiesPr(X; = 1), i = 1,2,..., ¥, the properties
holdwhenu = 0 (i.e.,whenB is thetautology).

A newtail inequality. We now presentanimprovedtail boundfor acertainproblem,in Theorenmb.5. Thisis
aresultwheremorework is requiredthana straightforvard applicationof Theoremb.4. We startby recalling
thestandardChernof-Hoeffding bounds.

Theorem 5.4 (Chernoff-Hoeffding bounds[8, 27]) Let X1, X5, ..., X, beindependent.v.s, ead taking
valuesin [0,1], with R = >°¢_, X; andE[R] < u. For anyd > 0,

Pr(R > p(1+9)) < E[(1 + 6)R O] < G(p, 8) = (e°/(1 + 5) 1)1, @)
if E[R] > pand0 < 4§ < 1,

Pr(R < p(1 —4)) < E[(1 - §)F #0-9] < H(p,6) = e #°/2  m 3)
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Theorem5.5 Let X = (X1, Xo,...,X,) be asequencef £ independentandomvariablesead taking
valuesin {0, 1}, andlet Z = Y, r; X;, whee ead r; liesin [0,1]. Suppos&[Z] < 1/ for someX > 1.
Then,for any e > 0, ther is an explicitly presentedvell-behavedestimatorg for the (increasing)event
“Pr(Z > (1+4¢))” Wrt. X; also,E[g] < (€% 4+ max{2, e 1})/A2.

Theproofof Theoremb.5is shavn in theappendix.To appreciatehetheoremthink of A > 1 as“large”
ande asa“small” positive constansuchas0.2; we wantatail bound,i.e.,aboundonPr(Z > (1 + ¢)), that
is O(e~'A~2). Directuseof Markov’s inequalityandof (2) only yieldsthe boundsO(1/)) andO(A~(1+9))
respectrely. Also, this O(e~1A~2) boundis existentially optimal to within a constantfactoy for all A >
(2¢) L. To seethis, supposel = 2, 71 = ¢, 2 = 1, E[X1] = (2¢eA) !, andE[X3] = (2A\)"1. Then,
Pr(Z > (1+¢€) =Pr(X1 =Xy =1) = (4eX?)"1.

6 Newmarket-clearing mechanism

We startby describinga multi-source multi-sink problemthatcanbeviewedasa new market-clearingmech-
anism. As mentionedearlier one of the main corollariesof our approximationalgorithmfor this problem,
is an approximationalgorithmfor SINGLE SOURCE-(0/1-VERSION, MAX-#CONTRACTS). We startwith
an informal description,andthenformally presenthe multi-source , multi-sink flow problemthroughcon-
straints(A1)—(A4) belov. By anon-ngativeflow f in adigraphG = (V, E), our presentontext will simply
meana setof flow values{f,, > 0 : (u,v) € E}; thesevaluesneednot satisfyary conseration con-
straintsetc., unlessotherwisespecified. Given f, the netoutflowfrom v € V, f,,:(v), is definednaturally
to be (3", (vu)EE Jou) = (Cu (u0)eE fuw). Similarly, thenetinflow into v is fi, (v) = —fout(v). Forary
non-n@atwve integerk, let[k] = {1,2,...,k}.

We aregivenadigraphG = (V, E) anddisjoint subsetsS (for “suppliers”)andC (for “customers”)of
V. (If G is undirectedyeplaceeachedge{u, v} by thearcs(u,v) and(v,u).) Eachedge(u,v) € E hasa
capacityc, , > 0; eachs € S hasacostp(s) > 0, andeacht € C hasademandi; > 0 andaweightw; > 0.
(By scaling,we will assumehatthe costsandweightslie in [0,1].) We arealsogivena budget B. We will
denotelV| = n and|E| = m throughoutEachs € S is asupplierwho chagesp(s) perunit outflow from s;
theweightw;, for ¢t € C reflectsthe “importance”of customert. We wish to constructa non-ngative flow f
in G andto choosean A C C, suchthat: (i) if v ¢ S, then f,,:(v) < 0 (i.e.,novertex outsideof S cansend
outnetpositive flow) andif v ¢ C, thenf;,(v) < 0; (i) for all ¢ € A, thereis anetinflow of atleastd; (or, in
aslightly relaxed setting,at leastd; (1 — €) for somegivene > 0), and(iii) no edgecarriesa flow morethan
its capacity

We next discusspaymentpolicy. Given f, notethat f,,:(s) for ary s € S canbeviewed asthe amount
of flow contritutedby s. Supposes chagesp(s) perunit netoutflov. Then,we canseethat ", . s fout(s) =
> icc fin(t), which equalssomeF, say Thus,suppliers providesa fraction f,,.(s)/F of the total flow.
Hence,eacht € C canpay fi,(t) - p(s) - fout(s)/F to eachsuppliers. This way, eachcustomert paysan
appropriatdractionto eachsupplier(i.e., dividesup his paymenin anappropriatavay amongthesuppliers),
andeachsuppliergetsherrightful totalamountof (3" ,cc fin(t) - p(3) « fout(s)/F) = p(s) fout(s). Thus,the
total amountpaidis 3, s p(s) fout(s), andour next constraintis that this shouldnot exceedthe budgetB:
(iV) Y se5P(8) fout(s) < B. Finally, theobjective is to maximize},. 4, w; (theweightednumberof satisfied
customers).

Formally, the problem? is to constructa non-n@atwve flow f in G andto choosean A C C, suchthat:

(A1) Yo € S, four(v) < 0andvo & C, fin(v) <0
(A2) Vi€ A, fin(t) 2 dy;
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(A3) Y(u,v) € E, fyupy < ¢y, and

(Ad) > icsp(8) fout(s) < B.

Subjectto theseconstraintsywe wishto maximize} ;. , w;. We shallmainly focusonthe*e-relaxed” variant
of P whereincondition (A2) is wealenedto “(A2): Vt € A, fin(t) > di(1 —¢€)”. SettingB = oc in the
e-relaxed versionof P yields the e-relaxed versionof a commongeneralizatiorof (0/1-VERSION, MAX-
#CONTRACTS) and 0/1-MAXx-FLow where, given a profit w4 for eachA € R, we wanta 0/1 solution
thatmaximizesthe profit of fulfilled contracts.Theorem7.2will presentanapproximatioralgorithmfor the
e-relaxedversionof P.

6.1 Rationalefor the Model

Althoughthe modelproposedabore relaxesthe notion of contractsasdefinedearlier the relaxed versionis

directly motivatedby the Poolco modelcurrentlyemployed in California[7]. In this model,eachproducer
bids for variousamountsof power thatit is willing to sell at particularprices. The customersdo not bid

for power; the ISO usessimple mechanismgo “heuristically” selectthe cheapessetof producersvho can
fulfill therequirementThe maindifferencethoughis thatthestrike price of power chosenis thesameacross
all producersandin generalthis is equalto the highestbid price at which the market clears(this implies

balancingthe supply and demandwhile obgying the network capacityconstraints). The proposedmodel
tries to overcomethe ohvious dravback in the currentmodel usedin California (referredasthe Cal-1SO
model);namelyby trying to minimizethetotal costincurredby the cunsomergspecifiecby abudgetB). We

believe thatthe proposednodelis muchbetterin termsof avoiding escalatingpower pricesthatarecurrently
witnessedin the California pover market (seeAugust 04 and August 14 2000 articlesin the Wall Street
Journal [48] thatelaborateon this subject).

7 Approximation algorithms for the new mark et-clearing mechanism

In thissectionwe presentpproximatioralgorithmsfor acertainmulti-sourcemulti-sink flow problemthatis
presentedn Section6, andderive analgorithmfor SINGLE SOURCE-(0/1-VERSION, MAX-#CONTRACTS)
asa corollary Thealgorithmsstartby modelingthe problemasan Integer Linear Program(ILP). The inte-
grality constraintof the ILP arerelaxed, leadingto a linear program(LP); the LP canbe solved efficiently
using, e.g.,well-known polynomialtime algorithmsfor linear programming.One of the notevorthy points
hereis theadditionof certainvalid constaintsto the LP. We thenpresentirandomizedoundingapproacho
roundthefractionalsolutionobtained andshav how to extractan efficient deterministiccoundingalgorithm
from it with provable worst-caseguarantees.This overall schemefor devising approximationalgorithms
above hasbeenstudiedpreviously by mary researchersThenovel aspect®f ourwork aretheintroductionof
certainvalid constraintsaswell the existentially optimaltail probability boundof Theorem5.5. Theselead
to nearoptimal performancéounds.

7.1 An LP relaxationand its rounding

A good(linearprogrammingyelaxationfor P or for P’s e-relaxationmaynotbeimmediatebecaus®f flow-
indistinguishabilly; alittle carehelps.Supposeve have anon-ngatie flow f in adigraphG = (V, E), such
thatfor somegivenh(-),

V(u,v) € E, fup < cyp, andvo € V, four(v) = h(v). 4)
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Via standardflow decompositionideas(se€[3]), f canbeefficiently transformednto a setof “path flows”
that still essentiallysatisfy (4) in the following sense. We can efficiently constructa set of flow-paths
{P; : 1 <14 < £}, whereP; is from someu; to somewv; and hassomeflow valuea; > 0. We can
ensureghefollowing properties.

(BO) £ < m;
(B1) Vv € V:

(i) If h(v) > 0, thenv # v; forary i € [£]; als0,)";.,—,, @i = h(v);
(i) if h(v) <0, thenv # u; forary i € [£]; also,y";.,—,, @i = —h(v);
(i) if h(v) = 0, thenv # u; andv # v; forary i € [£].

(B2) V(u,v) € E, Di(uw)ep; i < Cup

Considerthe following LP, (LP1), relatedto our mainproblem.Let C = {t¢;,t2,...,%}. TheLPisto
definek realvariablesz, . . . , z;; eachlying in [0, 1], andto construct non-neative flows f(1, 7). 7()
on @ suchthat:

(C1) in eachflow f®, flow-conserationis satisfiecatall nodesin V — (SU{#;}), t; is theonly nodeallowed
to have a positive in-flow, and fi(fL) (t;) > dizy;

(i

(C2) thetotal flow onary edge(u, v) isatmostey,y, i.€., ik fu}, < cup;

(C3) (Cues P(5)(Ticin fonk(s))) < B, and crucially,

(C4) Y(u,v) € EVi € [k], f{) < cyopz;. (5)

u,v =

Subjectto theseconstraintsthe objectie is to maximizezie[k} Wi T4

It is easyto checkthat the above canbe written asan LP, andwe now shav thatany optimal integral
solutionto our problemleadsto a feasiblesolutionto this LP. Given arny optimal integral solution, define
z; = 1if 1 € A, and0 otherwise.Do aflow-decompositionandnotefrom (B1) thatonly verticesin S can
bethe sourcesn theresultingflow paths,andthatonly verticesin A will be sinks. Now interpretthe setof
all the flow-pathsthatendin ary givent; € A astheflow f® for our LP. From (B2), we alsoseethatthe
total flow onary edge(u, v) is atmoste, ,; thebudgetconstrainiof our LP (constrain{C3)) is alsosatisfied.
Constraint(C4) will be crucial; we now checkthat(C4) is alsosatisfied(i.e., thatit is a valid constraint).If
1 ¢ A in the given optimal integral solution,thennotethat no net positive in-flow will be sentto ¢; in this
integral solution; thus,if z; = 0, then(C4) holds. On the otherhand,if the given optimalintegral solution
setsi € A, thenwe have z; = 1 and(C4) holdssince(C2) does. Thus,ary optimalintegral solutionleads
to a feasiblesolutionto (LP1) with the sameobjective function value; hencewe indeedhave a relaxation.
Let OPT andy* respeciiely denotethe optimalvaluesfor our problemandfor (LP1); we have asusualthat
OPT < y*.

We now shawv how to roundanoptimalsolutionto (LP1), to solve the* e-relaxed” variantof our problem.
Startwith anoptimalsolutionto (LP1), andconducta flow decompositionFor eacht; € C, we geta setof
flow-pathsP; 1, P, o, . . ., eachP; ; originatingfrom somes; ; € S andcarryingaflow of valuez; ; > 0; (C1)
shavsthat}_; zi,; = diz;. Lety > 1 beaparametethatwill bechoserbelow. Independentlyor eachi, set
arandomvariableY; to 1 with probability z; /~, andY; := 0 with probability1 — z;/v. If ¥; = 1, we will
chooseto satisfyan (1 — e)-fraction of ¢;'s demand;i.e., for all j, we will multiply the flow valuesz; ; by
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(1 —¢)/z;. If Y; = 0, wewill chooseo have zeroflow sentto ¢;: i.e.,we will resetall thez; ; to 0. This flow
yieldsour final flow, andwe setA = {t; € C : Y; = 1}. We now analyzethis roundingprocessandalso
selectasuitabley > 1.

7.2 Analysis of the Rounding

Recallthatm denotegshe numberof edgesn G. We startby listing them + 2 eventsthatwe wish to avoid
simultaneously:

(a) For ary edge(u,v) € FE, let E, , bethe“bad” eventthatthefinal total flow f,, , onit is morethanc,,.
We have m suchbadevents.

(b) Let TP bether.v. denotingthefinal paymentjet E’ bethebadeventthatT P > B.

(c) Recallthat the objectve function OB.J equalszie[k} w;Y;. Our final bad event E” is that OBJ <
Y/ (27).

We now shawv how to chooseasuitabley > 1 andthenapplyTheorenb.2in orderto avoid all of theabove
m + 2 events. As aresult,we will obtaina solutionto the e-relaxed variantof our problem,with objectie
functionvalueQ(y* /7). Theunderlyingindependenbinary randomvariablesin the senseof Theorem5.2,
arenow ther.v.sYy,Ys, ..., Y. Furthernotethatthefirst m + 1 eventsabore (i.e., thoseof (a) and(b)) are
increasingwhile the lastevent E” is decreasing.In orderto emplo/ Theorems5.2, we needwell-behaed
estimatorsfor our m + 2 bad events; this is simple for events E’ and E”. First, it is easyto verify that
g' = TP/B is awell-behaed estimatorfor E’. SecondsinceOBJ = 3=, w;Y; hasmeany* /v, we can
checkusing(3) that

g = 20 /CN=OB _ gu* /() . TT 2~w%
i€[k]

is awell-behaed estimatorfor E”. Also, dueto the scalingdown by +, we have E[T'P] < B/~; thisand(3)
shaw respectiely that

Elg] < 1/y; Elg"] <e¥/®7, (6)

Wefinally considethem eventsin (a). ConsidethebadeventE, ,. Wecanseethat f,, ,, = Z(i,j):(u,’v)epij (z,;(1—
€)/z;)Y;; hence,

Elfunl = Y. (zi(l—€)/zi) - (@i/7) < cup(l — €)/7, 7
(4:9):(u)EP; ;

sincez(i,j):(u,v)epu 2 j < ¢y DY (C2)and(B2). We have

€

Bun=( Y —L¥>14+——) ®)

bl
.. Z;C — €
(i,4):(uw)eP; ; 74T

Crucially, we candeducefrom (C4) thatfor all (¢, j) andall edges(u,v) in P, j, z;; < xicyy. Als0, (7)
shavs that

o
Bl > V<
(6,9):(uw)eP;; ~FTHY

Thus,by Theorenmb.5,thereis awell-behaed estimatorg,, ,, for E, ,,, with

Elgue] < (¢ + max{2, (1 - '}/ (9)
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Thereis abetteralternatve to this choiceof g, ,, if € > 1/2. Thebound(2) shavs that

Jup = (1 — 6)(1_6)_1_E(i’j):(u’”)epi,j Ziog /(Ticu,0)Ys

is alsoa suitablewell-behaed estimatorfor £, ,,, with

e(l —¢€) (1_a-1
E[gu,v] S (u)(l ) . (10)
Y
Let p bethe boundon E[g, ,] thatwe choose githerfrom (9) or from (10). In orderto simultaneously
avoid all them eventsE,, , andtheeventsE’ andE"”, Theoremb.2and(6) shav thatthefollowing condition
is sufiicient:

(1 —1/5)- (1 —min{p,1})™ > ¥ /7, (11)

Remark 7.1 Hereandafew timesmorein the paperwe will needto choosehescalefactory > 1 to satisfy
boundssuchas(11). We will alwayschoosey > 2; also,we will ensurethat- is large enoughso thatthe
term“p” is atmost1/2. Recallthatfor 0 < z < 1/2,1—z > e~2?%. Thus,e.g.,in (11),it will sufice to shav
thatp < 1/2, andthat2/~ + 2mp < y*/(8y). Thisrecipeof ensuringthatp < 1/2 andlower-boundinga
termsuchas(1 — p)™ by e=2™?, will beuseful.

Following Remark7.1, a simple calculationshaows that if constantsK, K; and K, are chosenlarge
enough,(11) will holdin eachof thefollowing threecases(In (i) and(ii), we usethe bound(9) on E[g,, ,;
in (iii), we usethebound(10)onE[g,,].) () v = Ko/, if y* > m; (i) v = Kim/(ey*), if y* < m and
0 < e <1/2; (i) v = Ko(m/y*) =9/ if y* < mand1/2 < e < 1. Wethusget

Theorem 7.2 Considerthe multi-souce multi-sinkflow problemP. Thele are positiveconstant<,, C; and
Cs sud that for the e-relaxedversion of problem?P, we canoutputa feasiblesolutionof the following value
in deterministicpolynomialtime (i) Cov/ey*, if y* > m; (i) Cre(y*)?/m, if y* < m and0 < e < 1/2; (i)

Coy* - (y*/m)1=9/€} if y* < mand1/2 < e < 1.

In particular part (i) providesa bicriteriaresultfor the generalproblem?, thatis not far from the hardness
thresholdfor thesingle-sourcease.

8 Extensionsand Applications

We now presensomeextensionsandapplicationsof the problemsandideasof Section?.

8.1 Approximating packing integer programs

An applicationof Theoremb.5is to improving certainapproximatiorboundsshawn in [42] for a family of
packinginteger programs(PIPs). Given A € [0,1]™*™, b € [0,00)™ andc € [0,1]” with max; ¢; = 1, a
PIP seeksto maximizec! - z subjectto z € Z% and Az < b. We alsodefine B = min; b;; we cantake
B > 1 withoutlossof generality[42]. PIPsmodelvariousNP-hardproblemssuchasknapsackindependent
setsin graphs,and matchingsin hypegraphs. A naturalLP relaxationfor a PIPis to relax“z € Z7%” to
“r € R%". (We could also have constraintssuchas“z; € {0,1,...,d;}", for somegiven integersd;.
In this case,the LP relaxationlets z; be areallying in [0,d;].) The current-bestipproximationboundfor
generalPIPs,dueto [42], is asfollows: in deterministicpolynomial-time,we canoutputa solutionof value
Q(min{y*, (K3y*/m*/B)B/(B-1)}), whereK3 € (0, 1) is anabsoluteconstant(If B = 1, thenasolutionof
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valueQ(y*/m) canbeoutput.) Oneproblemwith this resultis thatit becomesatherweakas B approaches
1 from above. We improve this resultof [42] for therangeB € (1,2), in Theorem8.1. (Think of B asone
plusa“small” constansuchas0.1.)

Theorem 8.1 Givena generl pading integer programwith B € (1,2), wecanin polynomialtime outputa
solutionof valueQX((B — 1)y* - min{y*,m}/m).

Proof. We multiply eachrow ¢ of the linear system” Az < b” by B/b;, sothatall entriesin the vectorb
becomeB; theentriesof A still lie in [0, 1]. Wefollow theapproactof [42]; theonly differences thatwe now
employ Theorenb.5insteadof directly pluggingin the Chernof-Hoeffding bounds.Solve the LP relaxation;
let 2} bethevaluefor z; in theLP’s computedoptimalsolution.Lety = (K'B/(B — 1)) - max{m/y*, 1},
whereK’ > 2 is asuficiently large constantindependentlyor eachj, wesetX; = L} /~v] with probability
[z} /] — 2} /v, wesetX; = [z} /] with probabilityl — ([z} /] — =} /). Thisis ourrounding;we wishto
shaw thatif K’ is large enoughthenwe cansatisfyall the constraintsandhave the objective functionvalue
beingatleasty*/(2).

Definez; = X; — |z} /v]; notethatz; € {0,1}. Foreachi € [m], lets; = 3, A;;|z}/v], and
b; = B —s;. Finally, letyg = >, c;jlzi/v]. If y§ > y*/(2y), roundingdown eachz}/y will give
us a feasibleintegral solution of value at leasty*/(2y). Sowe assumehaty; < y*/(2y). It sufices
to avoid the following m + 1 events: (a) eventsEy, Es, ..., E,,, whereE; = ((Az); > V), and(b) event
Emi1 = (cF'-2 < (y*/(2y) —v3)). Considerary i € [m]; notethaty; = E[(Az);] < B/y—s;. If s; = B/,
event E; cannothappensoassumes; < B/vy. Now, E; = ((Az); > B — s;). Recallthaty > 2B/(B — 1),
andthats; < B/v. Thus,B —s; > B— (B —1)/2 = (B +1)/2 > 1. We now apply Theorem5.5to the
event((Az); > B — s;); in thenotationof Theoremb.5,wemaytake 1/\ = B/y — s;, ande = B — s; — 1.
By Theorenb.5,we have awell-behaed estimatorg; for theevent E;, with E[g;] < (e + max{2,e 1})/A2.
Givenourvaluesof e and X andthefactthat B > B/v + 1, it is easyto checkthatin theranges; € [0, B/y),
this boundon E[g;] is maximizedwhens; = 0. Thus,

Vi € [m], Elgi] < (B/7)*- (¢’ + max{2, (B —1)'}). (12)

We next considerthe objective function. Notethat uu,, 1 = E[c? - 2] = y*/y — 4§, anddefined,, 1 €
(0,1) bY prm1(1 = dmr1) = y*/(27) — v wehave Epy 1 = (¢ - 2 < pim1(1 — 6me1)). By (3), thereis
awell-behaed estimator

Gmi1 = (1 — 5m+1)y3*y*/(27) . H(l — Opy1)9%
J
for Ep 41, With E[gm+1] < H (tm+1,0m+1)- Sincepmi1 = y*/v — y§, simplecalculationge.g.,from [42])
shaw thatin therangey§ € [0,y*/(27)), H(tm+1, Om+1) IS maximizedwhenyg = 0. Thus,E[gm11] <
e~¥"/(87), Usingthis boundon E[g,,,, 1] alongwith (12), we seefrom Theoremb.2thatit sufiicesto have

(1 — min{(B/7)? - (¢ + max{2, (B — 1)7'}),1})™ > ¢~ ¥/, (13)

Recallthat B € (1,2). Therecipeof Remark7.1shavs thaty = (K'B/(B — 1)) - max{m/y*,1} for a
sufiiciently large constantk”’ > 2, satisfieq13). 0

8.2 I-version: maximizing total weightedflow

We now presenta more sophisticateduse of the ideasof Section7. The main new point herewill be that
randomizedoundingitself maybeinsuficient, in contrastwith the previously seeralgorithms.We will have
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to do afinal “cleanup” phasewhich canreducethe objective function; we will ensure,however, that this
reductionis not much.

We considetthel-versiondefinedin Section2; thesettingis somavhatsimilarto thatof Section7. Weare
givenadigraphG = (V, E) anddisjointsubsetsS andC of V. Eachedge(u,v) € E hasacapacityc, , > 0;
eacht € C hasademandd; > 0 andaweightw; > 0. By scaling,we assumehatthe weightslie in [0, 1].
Let |V| = n and|E| = m asbefore. Informally, the mainnewv constraintis thatthe flows constructednust
beintegral; the objective is to maximizethe total weightedflow. More formally, recallingthe discussion®f
Sections7 and 7.1, our problemis the following ILP. Let C = {#1,12,...,tx}. ThelLP is to constructk
non-n@ative flows (1), f2 . £() on G suchthat:

(D1) in eachf(®, flow-conserationis satisfiedat all nodesin V — (S U {t;}), andt; is the only nodethat
canhave a positive in-flow;

(D2) thetotal flow onary edge(u, v) is atmostc, ,, €., > ic(k] fq(ﬂ, < cuw;

I

(D3) Vi, f9(t;) < d;; and

(3
(D4) V(i,u,v), quzz, is anon-ngatve integer

For eachi € [k], definex; = fi(:;) (t:)/d;; notethatz; € [0,1]. Theobjective is to maximizey_;cx wizi- By
(D4), > ic] f&’% mustbeanintegerfor all (u, v); thus,we mayreplacec, , by |c, |, withoutchangingthe
problem. Similarly, we may replaced; by |d;] for all i. Sowe assuméhenceforththatall the capacitiesand
demandsrepositive integers.(Zero-capacityedgesandzero-demanélementof C' canberemored.)

LP relaxation and randomized rounding. The LP relaxation(LP2) that we considey removesthe con-
straints(D4) andletsthevariablesf&f% be non-ngatie reals. Letting y* denotethe LP optimum,we shawv
how to roundthis LP to getanintegral solutionof valueQ2(y* - min{y*, m}/m).

Let z7 denotethe valueof z; in (LP2)’s computedoptimal solution; thus,y* = >, w;z;. Asin Sec-
tion 7.1, we conductflow-decompositionon the LP solution. For eacht; € C, this yields flow-paths
Pi1,Po,..., whereeachP; ; originatesfrom somes; ; € S andcarriesa flow of valuez;*,j > 0;
we have 35; z7; = diz7. Notealsothatfor all (u,v) € E, Y ;). (uw)ep,; % < Cup- Furthermore,
from property(B0) of Section7, we canensurethat4; < m for each:. Let zg,j =z, — Lz;jj. We fur-
ther decomposehe abave flow into its “integral part” {| 27 ;] : i € [k],j € [¢]} andits “fractional part”
{#i; i € [k],j € [4]}. Weinstall theintegral part,andupdateeachedge(u, v)'s capacityto its residual
capacityc, , = Cup — X(ij): (up)ep;,; L#1;]. Foreacht; € C, letd; = d; — 37;]#;;]. Wenow focuson
roundingthe fractional part. It is easyto checkthatall the c;w andd; arenon-ngatie integers. For the
rounding,we canignoreall ¢ suchthatd;, = 0, andall (u,v) suchc;m, = 0; thuswe assumehenceforththat
all thed; andc, ,, arepositie integers.

Our randomizedoundingis to choosea parametery > 1, andindependentlyor all pairs(i, 5), to round
theflow onpathP; ; to: (i) 1 with probabilityz; ; /~, andto: (i) 0 with probabilityl—z; ; /. Let Z; ; € {0,1}
denotetheresultantrandominteger We needoneextra step;notefrom (D3) thatwe require}_; Z; j < d; for
eacht; € C. For each: suchthat}; Z; ; > d;, we deleteintegral amountsof flow in anarbitraryway from

thepaths{P; ; : j € [¢;]}, sothatwe have fi(?? (t;) =d;.

g,

Analysis of the rounding. Defineys = >>; wi(3;|# ;1)/di, andy} = 32, wi( jzz'-,j)/dz'- Note that
y* = y§ + yi. Theintegral partof the flow that we install, contritutesy; to the objective function; the
roundingcontritutes}”; w; (3_; Z; ;) /d; minusthe (weighted)amountof flow deleted. We will shav how

19



to malke the roundingcontritute a netamountof Q(y; - min{y}, m}/m). A simplecaseanalysisshavs that
yo + Qyi - min{y}, m}/m) > Q(y* - min{y*, m}/m). Thus,it will sufiice for usto make the rounding
contritute Q(y; - min{y}, m}/m); thisis whatwe focuson from now on. Henceforthwe ignoretheinstalled
integral flow, andonly focuson the rounding: by “objective function”, we will thusonly meanthe part of
the final objective function thatis contrituted by the rounding. Let a™ denotemax{a,0}. Definea =
i 2 wiZij/d;; for eachi € [k], let B = wi((X; Zi;) — d})*/d;. It is easyto seethat the objective
functionvalueis o — ;¢ Bi-

To lowerbounda — 3 ;e Bi, we aim to suitably lowerbounda andupperbound? ;¢ i We also
needto ensuraghatno edges capacityis violated: sinceall thec;w andZ; ; areintegers,edge(u, v)’'s capacity
is exceededdnly if 32 ; ). (uwyep,; Zij = Cup + 1. Thus,in orderto shawv thatthe objective functionvalue
is atleast,say y7/(4), it will sufiice to simultaneouslyvoid thefollowing m + 2 “bad” events:

() EventE, ,, for edge(u, v): “3 i j): (up)ep;; Zij = Cup + 1" Wehave m suchevents.
(b) EVentE": “ Yycry Bi > vi/(47)",
(c) EventE": “a < yi/(27)".

The underlyingindependenbinary randomvariablesin the senseof Theorem5.2,arenow {Z; ; : i €
[k],7 € [4:]}. Also, thefirstm + 1 eventsabove areincreasingwhile thelastevent E” is decreasingWe will
constructsuitablewell-behaed estimatordor ourm + 2 badevents.Notethata is asumof independent.v.s
w; Z]/dz, eachlying in [0, 1]; also,E[a] = y% /7. Thus,asin the proof of Theorem7.2, g = 2vi/(27) - —
2ui/( H - 2~wiZij/di j5 g well-behaed estimatorfor E”; bound(3) shaws that

E[g"] < e ¥i/(7), (14)

TheeventsE,,, arealsosimpleto handle.Fix (u,v) € E; wehave E[3; j). (wv)ep,; Zijl < Cuw/7- SO
by (2), thereis awell-behaed estimator

gup = YL+ 1 eup)] %ot T @+ 1 ew)) %
(i:9): (u,0)€P;;

for E, ,, with E[g, ] < (Ay(e,%)c@,v“. If we ensurethaty > 2e, thenthis boundis maximizedwhen

cu,v+1)
cu 0 =1 (recallthatc is apositive integer). Thus,
E[gu] < (e/(2’)’))2a if v > 2e. (15)

TheeventE' needsalittle morework:

Lemma 8.2 Supposey > 2e. Thenther is an explicit well-behavedstimatorg’ for theeventE’, sud that
Elg'] < 2¢%/y.

Proof It is immediatethat (4y/y7) - E[X ;e Bi] is a well-behaed estimatorfor E'. We next express
E[>icx Bi] in amoretractableform. Fix ary € [k], andrecallthatthe number¢; of flow-pathsP; ; is at
mostm. Thus,>>; Z; ; canbeatmostm. We have

Bl = El(5 i) = d) /) = 30 PR 2y ko) (16)
s€[m)] ? j

this now leadsus to a well-behaed estimatorfor E[3,;c,) 8i]. Definez} = (3, % ;)/d;, and note that
z; € [0,1]. Wehave E[Y; Z; ;] = dgx;/y. Considerary s > 1. By (2), thereis awell-behaed estimator

gis = [y(di + )/ (diz)] % - ] [v(d} + s)/(dj})) 7o
JEL]
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for theevent“y; Z; ; > d; + s", with

! gl
ex;d; )dg+s

Elg. ] <
il < Crav )
We get
idi a extd:
Bl 1< 5% ydits oo €T a1 o 01020,
s%n} [gZ,S] B g('}/(d; + 1)) - (’y(d; =+ 1)) — (83)1/’)') / )

thelasttwo inequalitiesfollow from thefactthatthaty > 2e. So,by (16), we have anexplicit well-behaed

estimatorg’ = (4y/y7) * Xicpk) 2ose[m) Widi,s/di for theevent E', with
%2e 2
Elg'] < (47/yi) [Z *(exi/7)*/2] < =Y wilal)?. (17)
I i)

Finally, to upperboundthelasttermof (17),recallthaty; = D w;z;, with all thez] lying in [0, 1]. Thus,
thelasttermin (17)is at most2e? /. a

Now thatwe have (14), (15) andLemma8.2, Theoremb.2 shavs thatit sufiicesfor usto takey > 2e and
ensurethat

(1 — min{2e?/7,1}) - (1 — (e/(2y))})™ > e ¥i/(7)

holds.RecallingRemark7.1,we cancheckthattheserequirement$ioldif v = K - max{m/y}, 1}, whereK
is a sufiiciently large absoluteconstant.This completesour analysis.

Theorem 8.3 For the multi-souce multi-sinkl-versionwhele we wishto maximizethe total weightedflow,
we candelivera solutionof valueQ(y* - min{y*, m}/m) in polynomialtime

Finally, a hardnessesultof [21] shawvs (evenfor the casewhereall the capacitiesgdemandsandweights
lie in {0,1}) thatfor ary fixede > 0, approximatingthis problemto within m'/?~¢ on directedgraphsis
NP-hard.Thus,Theorem8.3is essentiallybest-possible.

9 Discussionand Concluding Remarks

How do the resultspresentedhererelateto the original policy questionswve startedinvestigating?The posi-
tive andnegative resultsarea steptoward providing policy-makersa quantitatve andmathematicabasisfor

establishingolicies.In particular mary of the problemsconsideredhave notbeenstudiedin the powver engi-
neeringcommunityuntil recently Thisis largely dueto thefacttheseproblemswerepreviously notpractically
relevantdueto theregulatedstructureof theindustry Our intractability resultsdemonstratehe hardnes®f

the problemsfor extremely simple networks. Our resultsalsoshav thatthe underlyingnetwork aswell as
the spatialdistribution of sourcesandsinksplay animportantrole in contractsatisfictionproblemsarisingin

dergyulatedervironments.For instancejn the regime of regulatedmarkets,the Unit CommitmentandEco-
nomic Dispatchproblemscould be solved optimally by individual companies.In contrast,n a dergulated
market,implementatiorof policiesby the ISO seekingo effectively usethe network capacityundercontrac-
tual constraintsmight be computationallyintractable An exampleof this is finding the maximumnumberof

satisfiablecontractsthe equivalentcombinatorialproblembeing(0/1-VERSION, MAX-#CONTRACTS). Our
researclalsoallowed usto formulatea numberof variantsof the problemsoriginally suggestedSomeof the
variantsappeaito be interestingfrom a computationaktandpoint.We expectthat someof theseandfurther
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variantswill appealto practitionersasreasonablenodelsof the actualproblems.We have shavn thatsome
of thesevariantshave polynomial-timeapproximationalgorithmswith worst-caseperformanceguarantees.
In [13, 14], we have begun an experimentalevaluationof the algorithmspresentechereon realistic power
networks. The goalis to measurdhe effectivenessof heuristicsfor variouscontractscenario®n arealistic
power network. To testthealgorithmsin arealisticsetting,we areworking with anaggrgatedversionof the
ColoradoPawver Network. The contractscenariogregeneratedo capturevariousintuitively plausible“what
if” scenariossuchasparticularproducergroviding extremelycheappower, suddernincreasen demandetc.

An obviousopenquestionis to try to improve the performancéoundsfor the problemsconsideredThe
mostimportantproblemin this context is to settletheapproximabilityof the MuLTI-SOURCE-(0/1-VERSION,
MAX-FEASIBLE FLOW) problem.To seewhy ary directextensionof randomizedoundingbasedechniques
might not work, let us go backto Example2 given in Section3. As discussedhere,the sourceandthe
destinatiorof a contractmightnotlie in thesameconnectedomponenbf thenetwork obtainedoy puttingin
all arcscarryingpositive flow. This is true not only of thelinear programmingelaxationwe have given, but
evenfor anoptimal solutionstrat@y. New approacheto tackletheseissueawill be of muchinterest.

We have begun a multi-year programto develop a comprehense and detailedsimulationto studythe
effects of derayulation of the electricalpower industry The goalis to include the entire North American
continentandperformthe simulationat a very high level of fidelity; in particularto include eadt significant
elementof the transmissiorsystemincluding generatorstransmissiorelementsyariedcontrolelementsand
load distribution buses. The plannedsystemis a hierarchicalmulti-resolutionsimulationhierarchy A dis-
tinguishingfeatureof this systemis an associatednarket modelthat will representhe customerssystem
operatorsandindividual companies.The market modelis coupledto a physicalmodel of the power grid.
More detailson the projectwill beavailable(seg[12, 24] for apreliminarydescriptiononthe subject).
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Appendix: Proof of Theorem5.5

LetS; ={i€[f]: r; >1/2} andSy = {i € [{] : r; < 1/2}; defineY; = 3,5 X; andYs = 37, i X;.
Also letr; = 2r; for eachi € S; andletY; = Y., i X;. We claimthat
g=2\22 4 ViYale+ Y XX
4,j€S1: i<

is awell-behaedestimatorasrequired for theeventé = (Z > (1 + ¢)). RecallingRemark5.3,it suficesto
considerthe specialcaseof u = 0, in thedefinitionsof (P1)—(P3).

To see(P1), notethatE[g] = A~%([T;cs, EINY]) + e 'E[V1]E[Y2] + X jes,: icj E[XiX;], whichis
efficiently computable Similarly, property(P3)is easyto check.

We now shawv (P2). Suppose€ holds. Then,if Y1 = 0, we musthave Y > 1 + ¢, andhencemusthave
Y5 > 1; similarly, if Y7 = 1, theeventY; > 1 shouldhold. Thus,

Pr(€) Pr(Y; = 0)-Pr(Ys > 1) + Pr(Y; = 1) - Pr(Ys > ¢€) + Pr(Y; > 2)
Pr(Yy > 1) + E[Y1] - E[Y2]/e + Pr(Y: > 2) (Markov’sinequality)
Pr(Y; > 2) + E[Y1] - E[Ys]/e + Pr(Y; > 2)

EN272] + E[Vi] - E[Ya]/e + Pr(Y: > 2) (by (2))

EN2 2+ E[Vi]-E[V]/e+ Y. Pr(X;=X;=1). (18)
1,J€S1: 1<J

IA A

[U R

IN A

This proves(P2).
Finally, let us seethat (18) canbe boundedby (e2 + max{2, e 1})/A2. From(2), we have E[\Y272] <
G(2/X, X —1) < (e/A)2. Also, sinceE[Y;] = ¥ ;cq, Pr(X; = 1), it is nothardto checkthat

> Pr(X;=1)-Pr(X; =1) < (EM))?/2.
4,JES1: 1<J
Thus,we needonly shawv that
E[Y1]- E[Y3]/e + (E[Y1])?/2 < max{2,e 1} /)2 (19)

whichwe donow. LetE[Z] = a > 0, E[Y]] = z > 0, andE[Y3] = y > 0. We clearly have the constraints
z/2+y < a < z+y. Notein particularthaty < a — z/2. Thus,theleft-handsideof (19) is at mostthe
maximumvalueof thefunction f (z) = e 'z(a—x/2)+2?/2, subjecto theconstrainthat0 < z < 2a. Note
that f'(z) = e Y(a+ z(e — 1)). If € > 1/2, f'(x) > 0 for 0 < z < 2a; thus,the maximumof f is attained
whenz = 2a. Hence,f(z) < 2a?. Next, if € < 1/2, f attainsits maximumwhenz = z* = a/(1 —¢). Thus,
f(z) < f(z*) = a®/(2¢(1 — €)) < € a? here.So,thel.h.s.of (19)is atmosta? - max{2,¢ '}. Recalling
thata < 1/X completeghe proof. 0
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